Abstract -As an alternative to the numerous distinct controller design algorithms in continuous-time and discrete-time classical control textbooks, a simple, unified design approach is presented for all standard continuous-time and discrete-time, classical compensators that is independent of the form of the linear system information. This approach is based on a simple root locus design procedure for a proportional-derivative (PD) compensator. From this procedure, design procedures for unified notation lead, proportional-integral (PI), proportionalintegral-derivative (PID), and PI-lead compensator are developed. The delta operator, which serves as a link between the continuous-time and discrete-time procedures, offers improved numerical properties to the traditional discrete-time shift operator. With this proposed approach, designers can concentrate on the larger control system design issues, such as compensator selection and closed-loop performance, rather than the intricacies of a particular design procedure.
I. Introduction
In control systems education today, there seems to be gap between the theory taught in the typical undergraduate classroom and what students are able to apply to practical systems. This gap widens when students are asked to design discrete-time compensators. One obvious reason for this situation is the lack of undergraduate control system laboratories. The control systems community has recognized this need [1] , [2] . In the Systems Engineering Department at the United States Naval Academy and the Department of Electrical and Computer Engineering at Wichita State University, as well as many departments around the world, undergraduate control system laboratories are being developed [3] , [ 4] .
Typically, discrete time system analysis is performed using the forward shift operator and is translated into the standard variable z in discrete frequency domain. Unfortunately, the resulting discrete domains are loosely connected with the underlying continuous domain. Specifically, the continuous domain descriptions cannot be obtained by setting the sampling period to zero in their discrete domain approximations. Furthermore, it is widely known that serious numerical issues arise where using shift operator formulations of algorithms at high sampling rates relative to the natural frequencies of the system being estimated [12] , [16] , [17] .
The contribution of this paper is to provide a common framework for continuous-time and discrete-time controller design using the delta operator. There is a close connection between continuous-time results and the formulations of delta operator in discrete time. The delta operator acts like an approximate derivative and approaches a true derivative as the sampling time approaches zero. Furthermore, there is a simple linear transformation between delta operator parameters and shift operator parameters.
In this paper, design methods are developed that permit students to apply a simple, unified design approach for all compensators independent of the form of the system information. That is, in root locus design, the computational procedures are based on the open-loop transfer function whereas, in Bode design, the computational procedures are based on the magnitude and phase of the open-loop frequency response. With this proposed approach, students can concentrate on the larger control system design issues, such as compensator selection, iterative design, and sampling rate selection, rather than the intricacies of a particular design procedure. Variations of the proposed design methods have been applied successfully in classical continuous-time [13] , [14] and discrete-time [15] control classes at the United States Naval Academy and Wichita State University.
Procedures for standard compensators (lead, proportional-integral (PI), lag, proportional-integralderivative (PID), and PI-lead compensators) have been developed based on a simple root locus proportionalderivative (PD) procedure. While the procedures presented in this paper are analogous to those presented in [13] , [14] , the presentation is self-contained and only assumes knowledge of standard classical control concepts. The remainder of the paper is organized as follows. In Section II, the current state of continuous-time and discrete-time compensator design methods is examined. Section III presents generalized magnitude and phase criteria. A PD compensator design is presented in Section IV. The lead, PI, PID and PI-lead compensator design procedures are presented in sections V through VIII. An example that demonstrates the similarities between the continuous-time and discrete-time compensator designs is presented in Section IX. Conclusions are presented in Section X. 
II. Status of Continuous-time and Discrete-time
Compensator Design Methods A less obvious reason for the aforementioned gap between theory and practice is the "cookbook" approach to continuous-time compensator design found in typical classical control textbooks [5] , [6] , [7] . In this approach, a design procedure is presented for each compensator as a self-contained entity. The relationship between compensator design procedures for a given plant representation (transfer function or frequency response data) has received very limited treatment in standard texts. For example, a quick comparison reveals significant differences in the procedures for root locus lead design and root locus PI design although both compensators are closely related to the PD compensator. Even more importantly, the design procedures for a given compensator using a transfer function or frequency response data can differ greatly. For example, there are significant differences in the procedure for lead compensator design using root locus techniques and Bode techniques. The result of the "cookbook" approach is that students in their first control course spend most of their time learning the individual procedures at the expense of other important topics in the design process including compensator selection and iterative design. Finally, for even fairly simple systems, the continuous-time design procedures may yield poor results [8] .
The introduction of indirect discrete-time compensator design procedures serves to increase the number of procedures that students must learn and decreases their level of understanding of the design process. In the indirect methods, a continuous-time compensator is designed from a continuous-time model of the system and discretized for a discrete-time implementation. The indirect methods require only limited knowledge of discrete-time control and, therefore, may be appealing.
To ensure a successful discrete-time compensator design, a direct design procedure incorporates the effect of sampling into the design process. Specifically, the direct methods employ root locus or Bode techniques to compute the discrete-time compensator from a discrete-time model of the system. However, in discrete-time control textbooks [9] , [10] , [11] , [12] direct design of classical, discrete-time compensators receives far less attention than the analogous design methods in textbooks on continuous-time control design. Furthermore, root locus techniques are not developed for each compensator and Bode techniques rely on a transformation of the pulse transfer function. As a result, the unified procedure presented in this paper serves to address the shortcomings of existing direct design methods and provides a single procedure for compensator design for continuous-and discrete-time systems. Procedures for all standard compensators are presented as variations of this single design process.
III. Compensator Design
The integrated design procedure using time or frequency domain plant data requires a generalization of the angle criterion from root locus design. The standard closedloop system is shown in Figure 1 where K is the control
is the compensator and ) (γ G p represents the plant dynamics. The forward shift operator q in a discretetime system has a close connection to the Z-transform variable z . The delta operator defines an alternative discrete time operator
where Δ is the sampling period. Similarly, we define a transform variable γ associated with δ as 1)/Δ (z γ − = [12] . The new variable γ has the following relation with the continuous time domain
where s is the Laplace transform variable. 
The unified notation design point
where ζ is the desired damping ratio and n ω is the desired natural frequency. In Bode design methods, the specifications are incorporated through the desired phase margin PM and gain crossover frequency gc ω and result in another set of angle and magnitude constraints
where the unified notation design point is given by
Using standard 2 nd order assumptions, such as those found in [5] , the PM and c g ω can also be determined from the continuous-time design point as
Equations (3) and (4) can be combined to get the generalized angle and magnitude constraints
where the desired angle in the angle constraint is 180 , root locus φ 180 PM, Bode
The design point, 0 γ , is given by Table 1 for the different design procedures. Using the angle constraint in (7) and (8), the desired compensator angle c θ can be computed from the plant information and the design point without knowledge of the compensator type.
In root locus methods, c θ determines a geometric relationship between the design point and the compensator poles and zeros. In Bode methods, c θ is the phase that must be added at the gain crossover frequency.
IV. PD Compensator
As in continuous-time case, the design procedures for all compensators are based on the PD design procedure [13] , [14] . The PD compensator in our unified notation has a transfer function
The angle of the PD compensator at the design point 0 γ is
must hold and the compensator zero is given by
where
is the design point in the unified notation. For this compensator, and each compensator to follow, the gain K is computed using the magnitude constraint in (7).
There is a limit to the improvement that the PD compensator can achieve. In general, the compensator zero should be minimum phase because a non-minimum phase compensator can lead to poor performance and/or instability in the closed-loop system. Under this assumption, the maximum value for z θ is ) (γ 0 ∠ and is achieved by the delta operator derivative compensator
PD compensator reduces to a proportional controller if Δα =1 and, therefore, the minimum value for
. It follows that the design point can be achieved or, equivalently, that the PD compensator design problem is feasible if and only if )
Feasibility relationships are shown in Table 2 , for other compensators (lead, PI, PID, PI-lead) using relationships between these compensators and PD compensator developed in the sequel. is computed from (14) . From (13) , the compensator zero is α =1.2391 and from the magnitude criteria in (7), the gain K is 0.9987.
V. Lead Compensator
The lead (practical PD) compensator in our unified notation has a transfer function
where β α < . As in the continuous-time case [13] , [14] , the PD compensator design provides the limits on the lead compensator as discussed below. The angle of lead compensator at the design point 0 γ is
and the lead pole and zero must be selected to satisfy the angle constraint (9), or equivalently,
In general, it is not desirable to place the compensator pole to the left of Δ 1 − , even in the stability region of the delta operator [12] , [16] , because this pole location can lead to an oscillatory control signal. For a given desired compensator angle c θ , the angle contributed by the lead compensator zero z θ must be greater than that for a PD compensator due to the angle contributed by the lead compensator pole p θ . Figure 2 provides a graphical comparison of the pole and zeros locations of the PD compensator and those of the lead compensator. From (16) , it follows that the PD compensator angle is obtained if 1 β Δ → . In this sense, the PD compensator design establishes limits on the lead compensator design. The lead compensator design has three unknowns and only two constraints. As in the continuous-time case, the lead compensator zero is chosen to the right side of PD compensator zero. 
VI. PI Compensator
The PI compensator in the unified notation has a transfer function
The angle of PI compensator at the design point 0 γ is
and the PI zero is computed
.This design expression can be rewritten to collect the known terms on one side of the equation
where z θ can be computed from the plant information and the design point assuming a PI compensator is desired. The compensator zero, α , is computed using (13) .
Note that the PI compensator is a special case of lag compensator. The lag compensator has the same form as the lead compensator, but β α > for the lag compensator. The design procedure for the lag compensator is identical to that of the lead compensator, except that, instead of α satisfying (17) , it must chosen such that PI lag α α > .
VII. PID Compensator
The PID compensator has the transfer function in the unified notation
The angle of the PID compensator at the design point o γ is 1) 
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Since there are three unknown parameters and only two constraints, there is a degree of freedom in selecting the PID parameters [15] . Two design methods are considered. In the first method, one of the PID zeros is chosen, most likely to cancel a plant pole or shape the loop response. The remaining PID zero is then computed from the angle constraint in (21). That is, given the PID zero 1 α , the remaining PID zero is computed using (13) 
VIII. PI-lead Compensator
The PI-lead (PID practical) compensator has a transfer function in the unified notation
The angle of PI-lead compensator at the design point 0 γ is
and the PI-lead pole and zeros are computed from
Since there are four unknown parameters and only two constraints, there are two degrees of freedom in selecting the PI-lead parameters. As with the PID design, two design methods are considered.
In the first method, one of the PI-lead zeros is chosen, most likely to cancel a plant pole or shape the loop response. Given the PI-lead zero 1 α , the remaining PI-lead zero and pole must satisfy 
In the second method, the two PI-lead zeros are assumed to be co-located, α : α α 
IX. Example
In this section, the example from [14] , [15] was used to demonstrate the similarities between continuous-time and discrete-time compensator design in our unified method. A continuous-time compensator and a discrete-time compensator were designed to regulate the shaft position of a SRV-02 DC motor from Quanser Consulting, Inc. The sampling rate for discrete-time compensator was 50 samples/second ( 0.02 Δ = sec). A Simulink-based real-time dynamic signal analyzer [4] , [18] was used to experimentally measure the continuous and discrete-time The closed-loop step responses of both designs were required to have an overshoot of less than 5%, a settling time of less than 0.175 seconds and no steady state error. From the standard second order assumption these specifications should be met by a desired damping ratio of ζ=0.69 and a desired natural frequency of n ω =38.6 rad/sec. From (5) and (6) these specifications correspond to a phase margin of o PM=64.6 and a gain crossover frequency of gc ω =25.2 rad/sec. From (9) and Figure 3 , the desired compensator angle, c θ , was found to be 3.6 o for the
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continuous-time compensator and 18.6 o for the discrete compensator. This information can be used by a student to determine if a compensator is necessary, and if so, to select the proper compensator. Compensator angles greater than zero indicated that compensator were necessary. From (14) , the maximum achievable compensators angle for the continuous-time and discrete-time compensators were 90 o and 75.6 o , respectively. Thus, it was seen from Table 2 that the following compensators were feasible: PD, lead, PID and PI-lead. As the plant was type 1, the steady state error requirement could be met with a PD or lead compensator. As the continuous-time PD compensator is not physically realizable without velocity feedback, a lead compensator was selected for both continuous-time and discrete-time compensation.
The compensator design itself was straight forward. The lead zero, which must satisfy (17) , was chosen as α=26 for both the continuous-time and discrete-time designs. For each design, the pole location β and the control gain K were computed from (18) and (7), respectively. Interestingly enough, the compensator parameters were identical for both designs with the continuous-time compensator given by s+26 0.445 s+43.6 and the discrete-time compensator given by γ+26 0.445 γ+43.6 .
The experimental closed-loop responses for a 60 o step command are shown in Figure 4 . The step response with the continuous-time compensator had an overshoot of 4.8% and a settling time of 0.17 seconds. The step response with the discrete-time compensator had no overshoot and a settling time of 0.12 seconds. As both compensators met the design specifications, no redesign was necessary. 
X. Conclusion
Continuous-time and discrete-time design methods have been streamlined with the objective of moving the students' focus from the computational procedures of the algorithms to the more important issues of control system design such as compensator selection and evaluation of closed-loop performance. Established continuous-time and discrete-time control concepts were presented in a logical progression that facilitates comprehension for students in a first course in continuous-time or discrete-time control. The design procedures for five compensators: lead, PI, lag, PID and PIlead were developed from a PD design procedure. These procedures are analogous to the continuous-time design procedures presented in [13] , [14] . This common design approach helps to bridge the gap between the more intuitive continuous-time design and the more practical direct discrete-time design.
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